A conjecture of Cai-Zhang-Shen for figurate primes says that every integer n > 1 is the sum of two figurate primes. In this paper we give a proposition which is equivalent to the conjecture, and then confirm the conjecture under suitable conditions by considering a function with several variables.
Introduction
A binomial coefficient of the form   p r s   is called a figurate prime, where p is a prime, r 1 and s 0 are integers. The collection of figurate primes includes 1, all primes and their powers, see [1] . It is well known that numbers of figurate primes and usual primes not larger than x own the same density. Cai, Zhang and Shen in [2] proposed a conjecture (we call it Cai-Zhang-Shen conjecture): every integer n > 1 is the sum of two figurate primes, and pointed out that the conjecture is true for integers up to 10 7 . In this paper we will discuss the conjecture and confirm it under suitable conditions.
Denote the characteristic function of figurate primes by δ(i), i.e., δ(i) = 1 when i is a figurate prime; δ(i) = 0 when i is not a figurate prime. We claim that Cai-Zhang-Shen conjecture for even integer 2n is equivalent to
In fact, if (1.1) is true, then noting that every term in the left hand side of (1.1) is nonnegative, it follows that there exists i, such that e δ(i) δ(i)δ(2n − i) > 0 and so δ(i)δ(2n − i) > 0. It shows δ(i) = δ(2n − i) = 1, then i and 2n − i are all figurate primes, and their sum is 2n, i.e., 2n can expressed as the sum of two figurate primes i and 2n − i. Conversely, if 2n is the sum of two figurate primes i and 2n − i, then δ(i) = δ(2n − i) = 1, and e δ(i) δ(i)δ(2n − i) 1 > 0, which yields (1.1).
Similarly, we have that Cai-Zhang-Shen conjecture for odd integer 2n + 1 is equivalent to
For an even integer 2n, we denote by l the number of figurate primes not larger than 2n − 1. For an odd integer 2n + 1, denote by m the number of figurate primes not larger than 2n.
The main result of the paper is:
then Cai-Zhang-Shen conjecture is true.
(2)For the odd integer 2n + 1, if
We will consider functions with several variables relating to left hand sides in (1.1) and (1.2) respectively, and use their Taylor expansions.
It is reasonable to believe that conditions (1.3) and (1.4) are satisfied if n is large, and their proofs need some careful consideration. It is not difficult to see that for the number l of usual primes not larger than 2n − 1 and the number m of usual primes not larger than 2n, (1.3) and (1.4) are correct if n is large.
The proof of Theorem 1.1 (1) is given in Section 2 and the proof of Theorem 1 (2) is in Section 3.
Proof of Theorem 1 (1)
Clearly,
The left hand side of (1.1) inspires us to consider the function
where x i ∈ R, i = 1, · · · , 2n − 1. It easily sees that for i = 1, · · · , 2n − 1, the first and second partial
4)
We will take
5)
where for i = 1, · · · , 2n − 1,
1, i f igurate prime, (2.6)
i.e., x i = δ(i), and
Let us introduce some notations. Denote by l the number of elements of the set
then the number of elements of the set
Denote by l 1 the number of elements of the set
then l 1 l, and the number of elements of the set
and A 4 are not intersect. Denote by l 2 the number of elements of the set
then l 2 0 and the number of elements of the set
Proof of Theorem 1(1) If n is a figurate prime, then 2n = n + n and the conjecture is true. In the sequel we always assume that n is not a figurate prime. In this case, A 2 and A 4 include the element n.
Using the Taylor expansion of f (x) with the Peano type remainder, we have
(2.10)
If there is at least a figurate prime in i and j, then ∆ i or ∆ j equals to 0, and thus
noting by (2.3) and (2.4),
and the second partial derivative (2.4) for i = n is in the sum
Using these into (2.10), it has
Let us compute sums in the right hand side of (2.11):
13)
i non f igurate prime
14)
i f igurate prime
Taking (2.12)-(2.18) into (2.11) and noting the meanings of sets A i (i = 3, 4, 5, 6), we obtain
If l 2 1, then Cai-Zhang-Shen conjecture is true. If l 2 = 0, then l 2 e 1 = 0, (l − l 2 )(−ε)e 1 = −lεe 1 and
we have by (2.19 ) that
It happens two cases: 1) l 1 < l; 2) l 1 = l.
1) If l 1 < l, then (l 1 − l)εe 1 < 0 and the right hand side of (2.20) is negative when ε is small enough, which yields a contradiction.
2) If l 1 = l, then (2.20) becomes 0 from (1.3) , and so the right hand side of (2.21) is positive when ε is small enough, which yields also a contradiction. This shows that the case l 2 = 0 is impossible and the proof of Theorem 1(1) is ended.
Proof of Theorem 1(2)
It is evident that
The left hand side of (1.2) hints us inspect the following function
where x i ∈ R, i = 1, · · · , 2n. For i = 1, · · · , 2n, we have
4)
where for i = 1, · · · , 2n,
1, i f igurate prime, (3.5)
0, i f igurate prime. Denote by m the number of elements of the set
is 2n − m; denote by m 1 the number of elements of the set
then m 1 m and the number of elements of the set B 3 and B 4 are not intersect; denote by m 2 the number of elements of the set
then m 2 0 and the number of elements of the set
is m − m 2 , since B 1 = B 5 ∪ B 6 , B 5 and B 6 are not intersect.
Proof of Theorem 1(2) Recalling the Taylor expansion of g(x) with Peano type remainder, it follows
Putting it and (3.2)-(3.7) into (3.8), it yields
Let us calculate sums in the left hand side of (3.9):
(3.10)
where we used ∆ i = 0 ( i is a figurate prime); where we used ∆ 2n+1−i = 0 ( 2n + 1 − i is a figurate prime) and ∆ i = 0 ( i is a figurate prime);
If m 2 1, then Cai-Zhang-Shen conjecture is true. If m 2 = 0, then Using (1.4), we see that the right hand side of (3.16) is positive when ε is small enough, which is also impossible. This shows that the case m 2 = 0 is not happened and the proof of Theorem 1(2) is complete.
